This article is part of the program of studying large-scale geometric properties of totally disconnected locally compact groups, TDLC-groups, by analogy with the theory for discrete groups. We provide a characterization of hyperbolic TDLC-groups, in terms of homological isoperimetric inequalities. This characterization is used to prove that, for hyperbolic TDLC-groups with rational discrete cohomological dimension ≤ 2, hyperbolicity is inherited by compactly presented open subgroups. As a consequence, every open compactly presented subgroup of the automorphism group Aut(X) of a negatively curved locally finite 2-dimensional building X is a hyperbolic TDLC-group, whenever Aut(X) acts with finitely many orbits on X. Examples where this result applies include hyperbolic Bourdon's buildings. Q[G] dis of discrete Q[G]-modules has enough projectives. As a consequence, the notions of rational discrete cohomological dimension, denoted by cd Q (G), and type FP n can be introduced for every TDLC-group G in the category Q[G] dis (see §2.3 for the necessary background). This opens up the possibility to investigate TDLCgroups by imposing some cohomological finiteness conditions.
Introduction
A locally compact group G is totally disconnected if the identity is its own connected component. Hereafter, we use TDLC-group as a shorthand for totally disconnected locally compact group.
Large-scale properties of a TDLC-group G can be addressed by investigating a family of quasi-isometric locally finite connected graphs which are known as Cayley-Abels graphs of G; see § 3.1 for the definition and further details. Therefore, the theory of TDLC-groups becomes amenable to many tools from geometric group theory (see [3, 5, 23] for example) and the notion of hyperbolic group carries over to the realm of TDLC-groups.
The motivation for this work is to gain a better understanding of the interaction between the geometric properties of the TDLC-group G and its cohomological properties by analogy with the discrete case. An investigation of this type was initiated in [13, 11] where the rational discrete cohomology for TDLC-groups has been introduced and the authors have shown that many well-known properties that hold for discrete groups can be transferred to the context of TDLC-groups (in some cases up to substantial work).
For a TDLC-group G, the representation theory used in [13] leans on the notion of discrete Q[G]-module, that is a Q[G]-module M such that the action G×M → M is continuous when M carries the discrete topology. In the case that G is discrete, any Q[G]-module is discrete. Because of the divisibility of Q, the abelian category This theorem generalizes the following two results for discrete groups:
• Finitely presented subgroups of hyperbolic groups of integral cohomological dimension less than or equal to two are hyperbolic. This is a result of Gersten [17, Theorem 5.4 ] which can be recovered as a consequence of the inequality cd Q ( ) ≤ cd Z ( ). • Finitely presented subgroups of hyperbolic groups of rational cohomological dimension less than or equal to two are hyperbolic. This is a recent result in [2] which is the analogue of Theorem 1.1 in the discrete case. We remark that Brady constructed an example of a discrete hyperbolic group of integral cohomological dimension three that contains a finitely presented subgroup that is not hyperbolic [7] . Hence the the dimensional bound on the results stated above is sharp.
At this stage, we do not know whether Theorem [12] could potentially address the following question in the positive:
Question 1. Let G be a hyperbolic TDLC-group of rational discrete cohomological dimension ≤ 2 and H a compactly presented closed subgroup of G. Is H hyperbolic?
In the framework of discrete groups, it is a result of Gersten that FP 2 subgroups of hyperbolic groups of integral cohomological dimension at most two are hyperbolic [17, Theorem 5.4] . We raise the following question: It is well known that if X is a locally finite simplicial complex then the group of simplicial automorphisms Aut(X) endowed with the compact open topology is a TDLC-group [10, Theorem 2.1]. If, in addition, X admits a CAT (−1) metric then Aut(X) is a hyperbolic TDLC-group with cd Q (Aut(X)) ≤ dim(X). Corollary 1.2. Let X be a locally finite 2-dimensional simplicial CAT (−1)-complex. If Aut(X) acts with finitely many orbits on X, then every open compactly presented subgroup of Aut(X) is a hyperbolic TDLC-group.
A discrete version of Corollary 1.2 was proved in [19, Corollary 1.5] using combinatorial techniques. There are different sources of complexes X satisfying the hypothesis of Corollary 1.2 and such that Aut(X) is a non-discrete TDLC group. For example:
• Bourdon's building I p,q , p ≥ 5 and q ≥ 3, is the unique simply connected polyhedral 2-complex such thall all 2-cells are right-angled hyperbolic pgons and the link of each vertex is the complete bipartite graph K q,q . These complexes were introduced by Bourdon [6] . The natural metric on I p,q is CAT (−1) and Aut(I p,q ) is non-discrete. • For an integer k and a finite graph L, a (k, L)-complex is a simply-connected 2-dimensional polyhedral complex such that all 2-dimensional faces are kgons and the link of every vertex is isomorphic to the graph L. A result of Swi ' atkowski [25, Main Theorem (1) ] provides sufficient conditions on the graph L guaranteing that if k ≥ 4 then Aut(X) is a non-discrete group for any (k, L)-complex X. It is a consequence of Gromov's link condition, that a (k, L)-complex admits a CAT (−1)-structure for any k-sufficiently large. In order to prove Theorem 1.1, we follow ideas from Gersten [17] . We introduce the concept of weak n-dimensional linear isoperimetric inequality for TDLC-groups, which is a homological analogue in higher dimensions of linear isoperimetric inequalities. Profinite groups are characterized as TDLC-groups satisfying the weak 0-dimensional linear isoperimetric inequality, see Section 4. The weak 1-dimensional linear isoperimetric inequality is called from here on the weak linear isoperimetric inequality. The following result generalizes for TDLC a well-known characterization of hyperbolicity in the discrete case [17, Theorem 3.1].
Theorem 1.3. A compactly generated TDLC-group G is hyperbolic if and only if G is compactly presented and satisfies the weak linear isoperimetric inequality.
The property of satisfying the weak n-dimensional linear isoperimetric inequality is inherited by open subgroups under some cohomological finiteness conditions. Theorem 1.4. Let G be a TDLC-group of type F P ∞ with cd Q (G) = n + 1 that satisfies the weak n-dimensional linear isoperimetric inequality. Then every open subgroup H of G of type FP n+1 satisfies the weak n-dimensional linear isoperimetric inequality.
The major part of the paper is devoted to the proof of Theorem 1.4. The proof relies on the strategy developed in [2] where the authors replace some topological arguments from [17, 20] with algebraic arguments. These arguments are accessible in the category of rational discrete modules over TDLC-groups.
It is a simple verification that Theorem 1.1 follows by Theorems 1.4 and 1.3.
Proof of the Theorem 1.1. Since G is hyperbolic, Theorem 1.3 implies that G satisfies the weak linear isoperimetric inequality. By Theorem 1.4, H also satisfies the weak linear isoperimetric inequality. We can then apply Theorem 1.3 again to conclude the proof.
Organization. Preliminary definitions regarding TDLC-groups and rational discrete modules are given in Section 2. Then Section 3 consists of definitions and some preliminary results on Cayley-Abels graphs, compact presentability and hyperbolicity for TDLC-groups. Section 4 introduces the weak n-dimensional linear isoperimetric inequality. Section 5 is devoted to the proof of Theorem 1.4. Finally, Section 6 relates hyperbolicity and weak linear isoperimetric inequality and contains the proof of Theorem 1.3.
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TDLC-groups and rational discrete G-modules
Throughout this section G always denotes a TDLC-group. Note that a TDLCgroup is Hausdorff. Discrete groups are TDLC-groups. Profinite groups are precisely compact TDLC-groups [24, Proposition 0]. A fundamental result about the structure of TDLC-groups is the known as van Dantzig's Theorem: Theorem 2.1 (van Dantzig's Theorem, [26] ). The family of all compact open subgroups of a TDLC-group G forms a neighbourhood system of the identity element.
Note that every Hausdorff topological group admitting such a local basis is necessarily TDLC. Hence the conclusion of van Dantzig's Theorem characterises TDLCgroups in the class of Hausdorff topological groups.
For example, the non-archemedean local fields Q p and F q ((t)) admit, respectively, the following local basis at the identity element:
where the norm is defined by q −ord(f ) . Note that a discrete permutation Q[G]-module in Q[G] dis is a coproduct
where R is a set of representatives of the G-orbits in Ω, and Ω is a discrete G-set.
where Ω is a proper G-set.
A proper permutation Q[G]-module is a projective object in Q[G] dis, see [13] . The arguments of this article rely on the following characterization of projective objects in Q[G] dis, a non-trivial result that in particular relies on Maschke's theorem on irreducible representations of finite groups, and Serre's results on Galois cohomology.
Throughout the article, we only consider resolutions consisting of discrete permutation Q[G]-modules, and we refer to this type of resolutions as permutation resolutions in Q[G] dis. Analogously, a resolution that consists only of proper permutation modules is called a proper permutation resolution in Q[G] dis. When the category is clear from the context, we will omit the term "in Q[G] dis".
2.3.
Rational discrete homological finiteness. Following [13] , we say that a TDLC-group G is of type FP n (n ∈ N) if there exists a partial proper permutation resolution in Q[G] dis
Notice that having type FP 0 is an empty condition for a TDLC-group G. On the other hand, having type FP 1 is equivalent to be compactly generated (see [13, Proposition 5.3] ) and compact presentation implies type FP 2 .
The rational discrete cohomological dimension of G, cd Q (G) ∈ N ∪ {∞}, is defined to be the minimum n such that the trivial discrete Q[G]-module Q admits a projective resolution
dis of length n. The rational discrete cohomological dimension reflects structural information on a TDLC-group G. For example, G is profinite if and only if cd Q (G) = 0. By composing the notions above, one says that
For a TDLC-group G of type F P , the trivial left Q[G]-module Q possesses a projective resolution (P • , ∂ • ) which is finitely generated and concentrated in degrees 0 to d. It is not known whether (P • , ∂ • ) can be assumed to be a proper permutation resolution of finite length. 
Whenever H is also open in G, the restriction functor admits a left-adjoint functor, the so-called induction functor, denoted by
is an exact functor preserving projective modules. In particular, induction preserves proper permutation modules.
The induction and restriction functors will be applied often in the following sections. To simplify notation, through the article, if M is a discrete Q[G]-module then the restriction res G H (M ) will be denoted by M as well, with the compromise that we will make the reader aware.
Cayley-Abels graphs, Compact presentability and Hyperbolicity
3.1. Compactly generated TDLC-groups and Cayley-Abels graphs. In this article a graph is a 1-dimensional simplicial complex, hence graphs are undirected, without loops, and without multiple edges between the same pair of vertices.
A locally compact group is said to be compactly generated if there exists a compact subset that algebraically generates the whole group. A graph with a G-action as in the proposition above is called a Cayley-Abels graph for G. In [21] these graphs are referred to as rough-Cayley graphs but the notion of Cayley-Abels graph traces back to Abels [1] .
As soon as the compactly generated TDLC-group G is non-discrete, the G-action on a Cayley-Abels graph is never free. That is to say, the action always has nontrivial vertex stabilisers. Nevertheless, these large but compact stabilizers play an important role in the study of the cohomology of G: they give rise to proper permutation Q[G]-modules.
A consequence of van Dantzig's Theorem is the following. 
Proof. Note that if C is a compact set generating G and K is a compact open subgroup of G then there a finite subset S ⊂ G such that the collection of left cosets {sK|s ∈ S} covers C. Hence, van Dantzig's Theorem, (1) implies (2) . To show that (2) implies (3), consider the graph of groups with a single vertex and an edge for each element of S; the vertex group is K, each edge group is K ∩ K s with morphisms the inclusion and conjugation by s, see [13, Prop. 5.10, proof of (a)].
That (3) implies (1) is immediate since G is a quotient of the compactly generated TDLC-group π 1 (A, Λ, Ξ).
Note that in the terminology of the third statement of the above proposition, a Cayley-Abels graph for G can be obtained by considering the quotient of the (topological realization as 1-dimensional simplicial complex of the) universal tree of (A, Λ) by the kernel of φ.
3.2.
Quasi-isometry for TDLC-groups and Hyperbolicity. The edge-path metric on a Cayley-Abels graph Γ of a TDLC-group G induces a left-invariant pseudo metric on G, by pulling back the metric of the G-orbit of a vertex of Γ. In the following proposition, we denote this metric by dist Γ .
Following [14] , an action of a topological group G on a (pseudo-) metric space X is geometric if it satisfies:
• (Isometric) The action is by isometries;
• (Cobounded) There is F ⊂ X of finite diameter such that g∈G gF = X;
• (Locally bounded) For every g ∈ G and bounded subset B ⊂ X there is a neighborhood V of g in G such that V B is bounded in X; and • (Metrically proper) The subset {g ∈ G : dist X (x, gx) ≤ R} is relatively compact in X for all x ∈ X and R > 0.
The following version of theŠvarc-Milnor Lemma is a consequence of work by Cornulier and de la Harpe on locally compact groups, see [14, Cor.4.B.11 and Thm.4.C.5]. Proposition 3.3. Let G be a TDLC-group, let X be a geodesic (pseudo-) metric space, and let x ∈ X. Suppose there exists a geometric action of G on X. Then there is a Cayley-Abels graph Γ for G such that the map between the pseudo-metric spaces
This proposition implies the following result from [21, Theorem 2.7].
Corollary 3.4. The Cayley-Abels graphs associated to a compactly generated TDLCgroup are all quasi-isometric each other.
This quasi-isometry invariance of Cayley-Abels graphs allows to define geometric notions for compactly generated TDLC-groups such as ends, number of ends or growth, by considering quasi-isometric invariants of a Cayley-Abels graph associated to G. For an equivalent definition of hyperbolic TDLC-group using (standard) Cayley graphs over compact generating sets see [4] for details. Proof. Note that the if direction is immediate since π 1 (A, Λ, Ξ) is compactly presented. Indeed, a group presentation of π 1 (A, Λ, Ξ) has a generators the formal union of the vertex group and a finite number of elements corresponding to the edges of the graph. The set of relations consists of the multiplication table of the vertex group and the HNN-relations, note that all these relations have length at most four. Since the kernel of φ is finitely generated as a normal subgroup, it follows that G is compactly generated.
For the only if direction, since G is compactly presented in particular is compactly generated and hence there is a finite graph of profinite groups (A, Λ) with the required properties. It is left to show that the kernel of φ is finitely generated as a normal subgroup. By Proposition [13, Prop. 5.10(b)], ker(φ) is a discrete subgroup of π 1 (A, Λ, Ξ). Since π 1 (A, Λ, Ξ) is compactly generated and G is compactly presented, Proposition [14, Prop. 8.A.10(2)] implies that ker(φ) is compactly generated as a normal subgroup; by discretness it follows that ker(φ) is finitely generated as a normal subgroup. A G-complex with the properties stated in the above proposition is called a topological model of G of type F 2 .
Proof of Proposition 3.6. The equivalence of compact presentability and the existence of a topological model for F 2 follows from standard arguments. That compact presentability is a consequence of the existence of the topological model follows directly from [8, I.8, Thm.8.10]; for compact presentability implying the existence of such complex see for example [12, Prop. 3.4 ].
The following result is well known for discrete hyperbolic groups. The proof in In particular, the topological realization of the barycentric subdivision of X is a topological model for F 2 , and hence G is compactly presented. For a topological model X of G of type F 2 , the assumption on cell stabilizers implies that the collection of i-cells of X is a proper G-set and hence C i (X, Q) is a proper permutation Q[G]-module. Since X is simply-connected, the augmented chain complex (C • (X, Q), ∂ • ) is a projective resolution of Q in Q[G] dis and, since X (2) is compact module G, the chain complex is finitely generated in degrees 0, 1 and 2. In particular compactly presented TDLC-groups are F P 2 in Q[G] dis.
4.
Weak n-dimensional isoperimetric inequality 4.1. (Pseudo-)Norms on vector spaces. Given a vector space V over a subfield F of the complex numbers, a pseudo-norm on V is a nonnegative-valued scalar function : V → R + with the following properties:
A pseudo-norm on a vector space V is said to be a norm if it satisfies the following additional property:
be a linear function between pseudo-normed vector spaces. We say that f is bounded if there exists a constant C > 0 such that Proof. This is a consequence of the G-invariance of the ℓ 1 -norm and the fact that the modules are finitely generated. Indeed, the morphism φ is described by a finite matrix A = (a ij ) with entries in Q[G]. Consider the ℓ 1 -norm 1 on Q[G] and let C = max a ij . Then φ(x)
The above proposition will be used for discrete permutation modules over Q[G]. 
; the other inequality holds by symmetry.
By considering the identity function on a finitely generated discrete Q[G]-module M , the previous proposition implies: The latter implies that each finitely generated discrete Q[G]-module M admits a unique filling pseudo-norm up to equivalence. Therefore, by abuse of notation, we denote by M any filling pseudo-norm of M and we refer to M as the filling pseudo-norm of M .
Undistorted submodules. Let M be a discrete Q[G]-module with a norm
and let N be a finitely generated discrete Q[G]-submodule of M . Then N is said to be undistorted with respect to if the restriction of to N is equivalent to a filling norm on N . In the case that M is finitely generated and N is undistorted with respect to the filling norm M we shall simply say that N is undistorted in M .
We note that in general it is not the case that finitely generated submodules of M are undistorted, we refer the reader to Section 6 for an explanation. We conclude the section with a technical result about bounded morphisms that will be used later and relies on the proof of the previous proposition. 
4.5.
Weak n-dimensional linear isoperimetric inequality. Let G be a TDLCgroup of type FP n+1 . Then there exists a partial proper permutation resolution
of finite type, i.e., it consists of finitely generated discrete Q[G]-modules. We say that G satisfies the weak n-dimensional linear isoperimetric inequality if ker(δ n ) is an undistorted submodule of Q[Ω n ]. The special case for n = 1 is refered as the weak linear isoperimetric inequality. Note that, by Proposition 4.2,
] is the inclusion. Hence, the weak n-dimensional linear isoperimetric inequality is equivalent to the existence of a constant C > 0 such that ker(∂n) ≤ C Ωn 1 on ker(∂ n ).
The proof of the following proposition is an adaption of the proof of [20, Theorem 3.5] that we have included for reader's convenience. Proof. Let (Q[Ω i ], ∂ i ), (Q[Λ i ], δ i ) be a pair of proper permutation resolutions of Q which contain finitely generated modules for degrees i = 0, . . . , n + 1. Suppose G to satisfy the weak n-dimensional linear isoperimetric inequality with respect to the resolution (Q[Λ i ], δ i ). Hence there is C > 0 such that (4.5)
x ker(δn) ≤ C x Λn 1 . for all x ∈ ker(δ n ).
Since any two projective resolutions of Q are chain homotopy equivalent, there exist chain maps f : (Q[Ω i ], ∂ i ) → (Q[Λ i ], δ i )) and g : (Q[Λ i ], δ i ) → (Q[Ω i ], ∂ i ), and a 1-differential h :
Diagrammatically, one has
Since g n+1 , f n and h n are morphisms between finitely generated discrete Q[G]modules, Proposition 4.2 applies and, therefore, the constant C defined above can be assumed to satisfy: . We prove below that that there is a constant D > 0 such that for any α ∈ ker(∂ n ) and ǫ > 0 α ker(∂n) ≤ D α Ωn 1 + Dǫ. Then it follows that G satisfies the weak n-dimensional linear isoperimetric inequality with respect to the resolution (Q[Ω i ], ∂ i ) by letting ǫ → 0.
Let α ∈ ker(∂ n ) and ǫ > 0. By the diagram (4.7), it follows that f n (α) ∈ ker(δ n ) = δ n+1 (Q[Λ n+1 ]). Since Q[Λ n+1 ] is finitely generated, we can consider the filling-norm ker(δn) to be induced by δ n+1 . Therefore, by the definition of the filling norm ker(δn) there is β ∈ Q[Λ n+1 ] such that δ n+1 (β) = f n (α) and (4.8) β
Λn+1 1 ≤ f n (α) ker(δn) + ǫ.
By evaluating α in Equation 4.6, we can write
Hence α ker(∂n) ≤ g n+1 (β) − h n (α) Ωn+1 1 by (4.9) and definition of filling norm The only if direction of the proposition is immediate. Indeed, if G is a compact TDLC-group, then the trivial G-module Q is projective in Q[G] dis. In this case, one can read the weak 0-dimensional isoperimetric inequality from the resolution 0 → Q → Q → 0.
For the rest of the section, suppose that G is a TDLC-group satisfying a weak 0-dimensional isoperimetric inequality. Let Γ be a Cayley-Abels graph of G, let dist be the combinatorial path metric on the set of vertices V of Γ, and let E denote the set of edges of Γ. In order to prove that G is profinite, it is enough to show that V is finite.
Choose an orientation for each edge of Γ and consider the augmented rational cellular chain complex of Γ,
Since Γ is Cayley-Abels graph, this is a partial proper permutation resolution.
Following ideas in [15] , define a partial order on Q[E] as follows. For ν, µ ∈ Q[E], ν = e∈E t e e and µ = e∈E s e e, then ν µ if and only if t 2 e ≤ t e s e for every e ∈ E. Observe that if ν µ then and if s e < 0 then there are |s e | from b to a. The degree sum formula for directed graphs implies that u and v are in the same connected component of Ξ. It is an exercise to show that there is a directed path γ from u to v in Ξ that can be assumed to be injective on vertices. The path γ induces an element ν ∈ Q[E] such that if ν = e∈E t e e then t e = ±1 and ν µ. Moreover γ induces a path in Γ from u to v and hence ν E 1 ≥ dist(u, v).
Suppose by contradiction that V is an infinite set. Fix v 0 ∈ V . For every n ∈ N, let v n ∈ V such that dist(v 0 , v n ) ≥ n. Note that such vertex v n always exists since Γ is locally finite and connected. Let α n = v n − v 0 and observe that α n ∈ ker(ε) and α n V 1 = 2. We show below that α n ker(ε) ≥ n for every n, hence G can not satisfy a weak 0-dimensional isoperimetric inequality. Fix n ∈ N, and
). An induction argument on m then proves that mµ E 1 ≥ m dist(u, v) and hence µ E 1 ≥ dist(u, v). Since µ was an arbitrary element such that δ(µ) = α n , it follows tha that α n kerδ ≥ dist(v 0 , v n ) ≥ n. 
Proof of Subgroup Theorem
Note that, if both B * and C * consists of only finitely generated projective modules then the the same holds for M * . The natural inclusion C * ֒→ M * given by c → (c, 0, 0) is a chain homotopy equivalence. The chain homotopy inverse map κ * : M * → C * is given by (c, b, b ′ ) → c + f (b). Let  * : B * → M * be the inclusion given by b → (0, b, 0). It is an observation that the triangle
commutes. For background on mapping cylinders see [27] . 
on the elements of ker(∂ G n ). Therefore
on the elements of ker(δ H n ), i.e., H satisfies the weak n-dimensional isoperimetric inequality.
Weak linear isoperimetric inequality and hyperbolicity
The notion of linear isoperimetric inequality was used to characterize discrete hyperbolic groups by Gersten [16] . Different generalisations of Gersten's result have been presented by various authors, for example see [18] , [22] and [20] . In particular, Manning and Groves [18] reformulated Gersten's argument to provide a homological characterization of simply connected hyperbolic 2-complexes by means of a homological isoperimetric inequality. Here we use results from [18] to provide an analogue characterization of hyperbolic TDLC-groups.
Let X be a complex with i-skeleton denoted by X (i) . Consider the cellular chain complex (C • (X, Q), ∂ • ) of X with rational coefficients. Each vector space C i (X, Q) is Q-spanned by the collection of i-cells σ of X. An i-chain α is a formal linear combination σ∈X (i) r σ σ where r σ ∈ Q. The ℓ 1 -norm on C i (X, Q) is defined as
where | | denotes the absolute function on Q. From here on, to simplify notation, the 1-chain induced by a combinatorial loop c in X is denoted by c as well. Definition 6.2 ([18, Def. 2.28] Linear Homological isoperimetric inequality). Let X be a simply connected complex. We say that X satisfies the linear homological isoperimetric inequality if there is a constant K ≥ 0 so that for any combinatorial loop c in X there is some σ ∈ C 2 (X, Q) with ∂(σ) = c satisfying (6.1) σ X,2 1 ≤ K c X,1 1 . Definition 6.3. Let G be a compactly presented TDLC-group. There exists a simply-connected G-complex X with compact open cell stabilizers, the 2-skeleton X (2) is compact modulo G, the G-action is cellular and an element in G fixing a cell setwise fixes it already pointwise. The group G satisfies the linear homological isomperimetric inequality if X does.
The above definition is independent of the choice of X as a consequence of Proposition 4.6, the fact that a compactly presented TDLC-group is F P 2 in Q[G] dis, and the following statement. Proposition 6.1. Suppose G is a compactly presented TDLC-group and X is a topological model of G of type F 2 . Then G satisfies the weak linear isoperimetric inequality if and only if X satisfies the linear homological isoperimetric inequality.
Proof. The augmented cellular chain complex (C • (X, Q), ∂ • ) of X is a proper permutation partial resolution of Q of type FP 2 . The module C i (X, Q) is a proper permutation module and we can take as its filling norm Ci the ℓ 1 -norm induced by G-set of i-cells.
The weak linear isoperimetric inequality means that the filling norm Z1 of Z 1 (X, Q) is equivalent to the restriction of C1 to Z 1 (X, Q). Hence there is a constant C > 0 such that Z1 ≤ C C1 on Z 1 (X, Q). To prove the linear homological isoperimetric inequality is enough consider non-trivial combinatorial loops, the inequality is trivial otherwise. Let c be a non-trivial combinatorial loop and let µ ∈ C 2 (X) such that ∂µ = c and µ C2 ≤ c Z1 + 1. In particular, µ C2 ≤ c Z1 + c C1 , since c C1 is a positive integer. It follows that µ C2 ≤ (C +1) c C1 for any non-trivial combinatorial loop.
Conversely, suppose that X satisfies the linear homological isoperimetric inequality for a constant C. Then the filling norm on γ ∈ Z 1 (X, Q) is given by γ Z1 = inf{ µ C2 : µ ∈ C 2 (X, Q), ∂µ = γ}. Hence Z1 ≤ C C1 on Z 1 (X, Q). On the other hand, since the inclusion Z 1 (X, Q) ֒→ C 1 (X, Q) is bounded, there is another constant C ′ such that C1 ≤ C ′ Z1 on Z 1 (X, Q). Therefore the norms Z1 and C1 are equivalent on Z 1 (X, Q). Below we recall a characterization of hyperbolic simply-connected 2-complexes from [18] . (1) If X (1) is hyperbolic, then X satisfies the linear homological isoperimetric inequality. (2) If there is a constant M such that the attaching map for each 2-cell in X has length at most M , and X satisfies a linear homological isoperimetric inequality; then X (1) is hyperbolic.
Proof of Theorem 1.3. Let G be a compactly generated TDLC-group. Suppose that G is hyperbolic. By Proposition 3.7 G is compactly presented and there is a topological model X of G of type F 2 . By Proposition 3.3, the 1-dimensional complex X (1) is quasi-isometric to a Cayley-Abels graph of G. It follows that X (1) is hyperbolic. Hence, Propositions 6.1 and 6.2 imply that G satisfies the weak linear isoperimetric inequality. Conversely, suppose that G is compactly presented and satisfies the weak linear isoperimetric inequality. Proposition 3.6 implies that there is a topological model X of G of type F 2 . By Proposition 6.1, X satisfies the linear homological isoperimetric inequality. Since the G-action on the 2-skeleton X (2) has finitely many G-orbits of 2-cells, there is a constant M such that the attaching map for each 2-cell in X has length at most M . Then Proposition 6.2 implies that X (1) is hyperbolic. By Proposition 3.3, the Cayley-Abels graphs of G are hyperbolic.
